In this paper, we investigate thermal fluctuations of the granular gas, which is driven by Gaussian thermostat, on the basis of two-point kinetic theory. In par- 
I. INTRODUCTION
The first study of thermal fluctuations of the granular gas was performed by Goldhirsch and van Noije [1] . In their study [1] , Green-Kubo expression was considered for the viscosity coefficient (µ) of the granular gas on the basis of the scaled Sonine polynomials in ChapmanEnskog method. Afterwards, Dufty and Brey [2] formulated Green-Kubo expression for the thermal conductivity (κ) and diffusive thermal conductivity (η) together with µ. Brey et al. [3] proved that their Green-Kubo expression for the transport coefficients of the granular gas reproduces transport coefficients, which are calculated by Chapman-Enskog method, with some good accuracies under the homogeneous cooling state (HCS), using the direct simulation Monte Carlo (DSMC) method [4] , whereas their numerical results also indicated that κ and η, which are calculated on the basis of Green-Kubo expression using the DSMC method, deviate from κ and η, which are calculated by the first order approximations in Chapman-Enskog method, in the range of 0 ≤ α ≤ 0.7 (α: restitution coefficient) and µ, which is calculated using the DSMC method, is similar to µ, which is calculated by the first order approximation in Chapman-Enskog method, in all the rage of α (0 ≤ α ≤ 1).
Meanwhile, Garzo, Santos and Montanero [5] proposed the modified Sonine polynomials in Chapman-Enskog method by expanding the velocity distribution function around not Maxwell-Boltzmann distribution but the zeroth order velocity distribution function, which corresponds to the velocity distribution function under the HCS. On the basis of such modified Chapman-Enskog method, Garzo, Santos and Montanero [5] obtained κ and η, which are much more similar to κ and η, which were calculated on the basis of Green-Kubo expression using the DSMC method by Brey et al. [3] , than κ and η, which were calculated using the first order approximation in the conventional Chapman-Enskog method [3] . As a recent study related to thermal fluctuations of the granular gas, the thermally fluctuating hydrodynamics equation, namely, Landau-Lifshitz-Navier-Stokes-Fourier (LLNSF) equation [6] , for the granular gas, was formulated using the inelastic Boltzmann equation with the noise term Brey et al. [7] .
In this paper, we aim to calculate general solutions of time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux for the granular gas driven by Gaussian thermostat, which was proposed by Montanero and Santos [8] . In the previous study on Green-Kubo expression for µ, κ and η by Dufty and Brey [2] , µ, κ and η were cal-culated using ensemble averages of moments, which are obtained using two different fluxes at the same time. Therefore, Green-Kubo expression for µ and κ under the elastic limit were obtained as [2] 
where X, Y := V 3 f MB (ǫ ′ ) XY dc (c ∈ V 3 ⊆ R 3 : velocity of a particle), H
ij and H (3) i are Hermite polynomials, which will be defined in Sec. II, andǫ andǫ ′ are nondimensionalized time [2] . Green-Kubo expression for µ, κ and η by Dufty and Brey [2] is surely accurate in itself, as confirmed by numerical analysis by Brey et al. [3] , whereas it is basically different from the conventional Green-Kubo expression for µ and κ such as µ ∝ p ij (t), p ij (0) (p ij :
pressure deviator) or κ ∝ q i (t), q i (0) (q i : heat flux) (t ∈ R + : time) by Zwanzig [9] , because Dufty and Brey [2] calculated the transport coefficients on the basis of one particle distribution function on the basis of Chapman-Enskog method. Consequently, we must consider two particle distribution function to obtain the conventional Green-Kubo expression for the transport coefficients such as µ ∝ p ij (t), p ij (0) or κ ∝ q i (t), q i (0) .
To attain our aim, we extend the two-point kinetic theory for the elastic gas by Tsuge and Sagara [10] to the granular gas driven by Gaussian thermostat. In particular, we discuss the inelastic variable hard sphere (IVHS), which was proposed by Yano [11] , as the component of the granular gas. The IVHS model is useful for understanding of the characteristics of thermal fluctuations of the granular gas driven by Gaussian thermostat, because we can estimate how the characteristics of thermal fluctuations change in accordance with the change of the dependency of the collision frequency on the relative velocity between two colliding granular particles. Additionally, the investigation of thermal fluctuations of the granular gas driven by Gaussian thermostat is interesting, because the investigation of thermal fluctuations under the thermally nonequilibrium steady state is a universal problem in the nonequilibrium statistical mechanics. Time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux for the granular gas driven by Gaussian thermostat are calculated on the basis of the two-point kinetic theory to obtain Green-Kubo expression for the transport coefficients of the IVHS driven by Gaussian thermostat. These analytical solutions of time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux are compared with DSMC results of time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux. Here, we remind that three cases among the IVHS, namely, inelastic hard sphere (IHS), IVHS with Ω = 0.6 and inelastic Maxwell sphere (IMS) [11] , are calculated, where Ω will be defined in Sec. II. Finally, µ, κ and η, which are calculated on the basis of the kinetic theory, are compared with µ, κ and η, which are obtained by our Green-Kubo expression using the DSMC method.
In particular, numerical results of the IMS are interesting, because effects of the nonlinear collisional moments on time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux or cooling rate can be removed in the case of IMS.
This paper is organized as follows. The fourth and sixth order spherically symmetric moments are calculated for the IVHS to define the zeroth order approximation of the velocity distribution function in Sec. II. On the basis of the zeroth order approximation of the velocity distribution function, we discuss the two-point kinetic theory for the granular gas driven by Gaussian thermostat to obtain Green-Kubo expression for the transport coefficients. in or IMS. Additionally, µ, κ and η, which are calculated on the basis of the kinetic theory, are compared with µ, κ and η, which are obtained by our Green-Kubo expression using the DSMC method. Finally, we make the concluding remarks in Sec. V.
II. THE FOURTH AND SIXTH ORDER SPHERICALLY SYMMETRIC MOMENTS FOR GRANULAR GAS DRIVEN BY GAUSSIAN THERMOSTAT
Firstly, we calculate the fourth and sixth order spherically symmetric moments, when the granular gas under Gaussian thermostat is composed of the IVHS. The inelastic Boltzmann equation for the IVHS is written under the spatially homogeneous state as
where f (c, t) is the velocity distribution function, c ∈ V 3 ⊆ R 3 and c 1 ∈ V Cercignani [12] is different from the IMS, because the collisional term of the IMM is obtained
As a result, the dependency of the collision frequency on the temperature by the IMM is same as that by the IHS and sin χ in the right hand side of Eq. (1) is set to unity in the IMM.
Finally, the IVHS is a straightforward extension of the VHS, which was proposed by Bird [4] to calculate molecules with the inverse power low potential without facing to the angular cut-off problem in the DSMC method, to the inelastic collision, as described in the author's previous study [11] . Of course, our assumption of the inverse power law potential for the granular gas is physically unrealistic except for the charged granular particles [13] , which interact with each other through Coulomb force. Thus, the IVHS is a mathematical model to investigate the characteristics of the IHS, furthermore, as well as the IMM.
The zeroth order approximation of f (c, t), namely, f (0) (c, t) can be approximated using the fourth and sixth order spherically symmetric moments (a 4 and a 6 ) as follows:
where f MB (c, t) is Maxwell-Boltzmann distribution, and H (4) = v 4 − 10v 2 + 15 and
Substituting f (c, t) = f (0) (c, t) into both sides of Eq. (1), multiplying both sides of Eq. (1) by C 2 /3 and integrating over V 3 , we obtain
where Ω := 1 −ξ and τ = p/µ el (Ω) (µ el (Ω): viscosity coefficient of the elastic VHS, p: static pressure).
Gaussian thermostat postulates that the total energy is always conserved. As a result, we obtain the cooling rate ζ from dT /dt = 0 in Eq. (3), when the flow velocity is always equal to zero, namely, |u| = 0, as
where ζ in Eq. (4) is used throughout the analytical discussion, because contributions of a 4
and a 6 on the cooling rate are markedly small in cases of the IHS, IVHS with Ω = 0.6 and IMS, as described in appendix C.
In later numerical analysis, the definition of ζ in Eq. (4) is not used, because |u| = 0 is not satisfied owing to velocity fluctuations in the DSMC calculation. Therefor, ζ is calculated from the energy-loss via inelastic collisions by each time step in the DSMC calculation.
Substituting f (c, t) = f (0) (c, t) into both sides of Eq. (1), multiplying both sides of Eq. (1) by ρ −1 H (4) and ρ −1 H (6) , respectively, and integrating over V 3 , we obtain 
β i , γ i in Eq. (6) and β Firstly. we investigate a 4 and a 6 for the IHS. Of course, a 4 and a 6 are different from the second and third order cumulants, which are calculated using the Sonine polynomials in Chapman-Enskog method, because we use Grad's method in this paper. Then, a 4 is 15 times of the second order cumulant [15] [14] and a 6 is −900/8 times of the third order cumulant [15] [14] . a 4 and a 6 for the IHS in Eqs. (6) and (7) are, however, different from 15 times of the second order cumulant and −900/8 times of the third order cumulant, which were obtained by Brilliantov and Pöschel [15] . Indeed, calculations of a 4 and a 6 for the IHS, IVHS with Ω = 0.6 and IMS are significant for understanding of changes of a 4 and a 6 in accordance with the change of Ω. The left frame of Fig. 1 shows that a 4 (symbols), which is calculated using the DSMC method, namely, (a 4 ) DSMC is similar to a 4 (dashed-dot line), which is obtained as a steady solution by setting A 2 = 0 in Eq. (5) in Eq. (6) and (a 4 ) DSMC increases, as α decreases in the range of 0 ≤ α ≤ 0.6. Additionally, a 4 in Eq. (6) is similar to a 4 (dashed line), which was obtained by Brilliantov and Pöschel [15] , in the range of 0.4 ≤ α ≤ 1. The right frame of Fig. 1 shows that a 6 (symbols), which is calculated using the DSMC method, namely, (a 6 ) DSMC is similar to a 6 (solid line) in Eq.
(7) in the range of 0.3 ≤ α ≤ 1, whereas (a 6 ) DSMC is similar to a 6 (dashed lime), which was obtained by Brilliantov and Pöschel [15] , in the range of 0.5 ≤ α ≤ 1. Therefore, a 6 in Eq. (7) is more similar to (a 6 ) DSMC than a 6 , which was obtained by Brilliantov and Pöschel [15] .
Next, we investigate a 4 and a 6 for the IVHS with Ω = 0.6. The left frame of Fig. 2 shows that (a 4 ) DSMC is similar to a 4 (dashed line), which is obtained as a steady solution by setting shows that (a 6 ) DSMC is similar to a 6 (solid line) in Eq. (7) in the range of 0.2 ≤ α ≤ 1.
Finally, we investigate a 4 and a 6 for the IMS. The left frame of Fig. 3 shows that (a 4 ) DSMC (symbols) is similar to a 4 (solid line) in Eq. (6) in the range of 0.1 ≤ α ≤ 1. Here, we must remind that A 2 = 0 in Eq. (5) is always obtained for the IMS. On the other hand, a 6 in Eq.
(7) diverges at α ≃ 0.366 and becomes negative in the range of 0 ≤ α < 0.366, as shown in the right frame of Fig. 3 . a 6 in Eq. (7) approximates (a 6 ) DSMC with good accuracies in the range of 0.6 ≤ α ≤ 1. To avoid the divergence of a 6 in Eq. (7), we should have considered nonlinear collisional moments for the IMS such as a 2 4 or a 4 a 6 in the time evolution of a 6 in Eq. (5) [17] . However, such an inclusion of nonlinear collisional moments such as a 2 4 or a 4 a 6 is beyond the scope of this paper. We conjecture that nonlinear terms a 2 6 and a 2n (4 ≤ n) never appear in the time evolution of a 6 in the case of the IMS, as a 2 4 and a 6 never appear in the time evolution of a 4 in the case of the IMS, whereas a 2 2 and a 2 a 4 are always equal to zero in the time evolution of a 4 owing to a 2 = 0. Of course, we must show the concrete form of the time evolution of a 6 using nonlinear terms in our future study. From numerical results of a 4 and a 6 for the IHS, IVHS with Ω = 0.6 and IMS, we conclude that both a 4 and a 6 at α = 0 increase in accordance with the decrease of Ω.
On the basis of a 4 and a 6 , we define the zeroth order approximation of the velocity distribution function, namely, f (0) (c), in the next section.
III. TWO-POINT KINETIC THEORY FOR GRANULAR GAS DRIVEN BY GAUSSIAN THERMOSTAT
The two-point kinetic theory was firstly discussed for the elastic gas by Tsuge and Sagara [10] . In this section, we consider the two-point kinetic theory for the granular gas driven by Gaussian thermostat. The stochastic inelastic Boltzmann equation is the most fundamental equation in the two-point kinetic theory. In particular, the stochastic inelastic Boltzmann equation under Gaussian thermostat is written as
where ̺ (t, ℓ) is the microscopic distribution function defined by
where s is the index of the particles, N is the total number of particles, and ℓ := (c, x)
For convenience, we set ξ := (t, ℓ). In ξ-space, we consider the correlation between two pointsα andβ. As a result, definitions ̺ (α) := ̺ (ξ(α)) and ̺(β) := ̺(ξ(β)) are used. At a pointα, the stochastic inelastic Boltzmann equation under Gaussian thermostat in Eq. (8) is rewritten as
Next, we define the averaged quantity in ℓ-space using finite volumes (x ∈)∆V c (⊆ R 3 ) and
where ψ is the arbitrary function defined in ℓ-space.
On the basis of Eqs. (12) and (13), we obtain following equation by multiplying ∆̺(β) by both sides of Eq. (11) and taking average in ℓ-space,
where
In Eq. (14), ̺(α)̺(β) is decomposed as
where f II α;β is the two-point phase density of different particles and g(α;β) is the probability of finding same particles at
is related to the hydrodynamic fluctuation term φ(α;β) as follows
For 1 ≪ N and t(α) → t(β), we obtain
Assuming that hydrodynamic fluctuations are ignorable, (i.e., φ α;β = 0 or f II α;β = f (α) f (β)), we obtain the following equation from Eq. (14) [10]
where ǫ := t (α) − t(β).
g(α;β) is expanded using Hermite polynomials [10] as follows
ij... is the Hermite polynomial [18] . From Eq. (21), we readily obtain
. (22) We assume the initial form of g(α,β) from Eq. (19) as follows
where f (0) (α) is the zeroth order approximation of the velocity distribution function at a pointα.
Substituting (22) with Eq. (23), we obtain
where we used the assumption T (α) = T (β) = T and the relationc = √ RT , which is obtained in the energy conservative system. Q (0,0) corresponds to the two-point-correlation of thermal fluctuations of the density, Q 
j (β) into both sides of Eq. (20) and integrating in accordance with Eq. (22), we obtain time evolutions of Q (2,2) ij,lm and Q
where we restrict ourselves to the spatially homogeneous state. Equations (28) and (29) are equivalent to Eqs. (C3) and (C4), when we replace Q (2,2) ij,lm and Q
in Eqs. (28) and (29) with p ij and q i , respectively, and neglect all the nonlinear terms in Eqs. (C3) and (C4). As a result, Eqs. (28) and (29) includes nonlinear terms except for the IMS, as shown in Eqs.
(C3) and (C4). We, however, neglect such nonlinear terms as small amounts in Eqs. (28) and (29), as described in appendix C.
From Eqs. (28) and (29), we obtain
where ν π and ν q are dissipation rates of Q (2,2) ij,lm and Q (3, 3) i,j , which are calculated as [11] 
Provided
ζ (α), we can approximate exp(−Aǫ) with 2/Aδ (ǫ), so that Eqs. (30) and (31) can be rewritten as
Substituting α = 1 into Eqs. (34) and (35), respectively, we can readily reproduce thermally fluctuating terms in LLNSF equation for the elastic gas [6] .
Integrating Eqs. (30) and (31) from ǫ = 0 to ∞, we obtain
Here, we remind that µ (α, Ω), κ (α, Ω) and η (α, Ω) for the granular gas driven by Gaussian thermostat are written as [19] µ
where µ (α, 1), κ (α, 1) and η (α, 1) for the IHS under Gaussian thermostat are quite same as those obtained by Santos [19] .
From Eqs. (38)- (40), we obtain
Eqs. (41)- (43) are definitions of the transport coefficients of the granular gas driven Gaussian thermostat. Substituting α = 1 into Eq. (41)- (43), we can readily obtain Green-Kubo expression for the transport coefficients in the elastic gas by Zwanzig [9] .
The comparison of the viscosity coefficient of the granular gas driven by Gaussian thermostat, which is calculated using the DSMC method, with that obtained by Chapman-Enskog method was done using the solution of the uniform shear flow by Garzo and Montanero [20] .
In Sec. IV, we calculate following four parameters using the DSMC method
Analytical solutions of ψ 2 (α) and ψ 3 (α) are readily calculated from Eqs. (26) and (27) as
ψ 2 (α) and ψ 3 (α) in Eqs. (44) and (45) hold true for the IVHS under the HCS from our discussion in appendix B.
Similarly, analytical solutions of φ 2 and φ 3 are readily calculated from Eqs. (30) and (31) as
In Sec. III, we considered time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux for the granular gas driven by Gaussian thermostat on the basis of the two-point kinetic theory, whereas time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux for the granular gas under the HCS are discussed on the basis of the two-point kinetic theory in appendix B.
IV. COMPARISON OF DSMC RESULTS WITH ANALYTICAL RESULTS
The DSMC calculation is performed to confirm the validity of the two-point kinetic theory for the granular gas driven by Gaussian thermostat. In the DSMC calculation, 5000 sample particles are set in a cell, whereas equally spaced 5 × 5 grids are set in the square
All the physical quantities are normalized as:ǫ = ǫ/t ∞ , that inside the identified cell owing to the small (local) Knudsen number. We, however, set
such an investigation to our future work, because further increase of grid points requires the parallel computation. In particular, the boundary condition is a significant factor, which characterizes the dynamics of the granular gas [21] [22] [23] .
A. DSMC results of ψ 2 (α) and ψ 3 (α) and their comparisons with Eqs. (44) and (45) The DSMC results show Q (2, 2) xx,xx ǫ=0 = 1.33 and Q (3, 3) x,x ǫ=0 = 10 for the IHS, IVHS with Ω = 0.6 and IMS, when α = 1, namely, a 4 = a 6 = 0 in Eqs. (26) and (27). Therefore, DSMC results reproduce Eqs. (26) and (27) with good accuracies, when α = 1. in Eq. (6) or (a 4 ) DSMC , whereas ψ 3 (α) in Eq. (45) is calculated using a 4 in Eq. (6) and a 6 in Eq. (7) or (a 4 ) DSMC and (a 6 ) DSMC . The difference between [ψ 2 (α)] DSMC , which is calculated using the DSMC method, and ψ 2 (α) in Eq. (44), which is obtained using a 4 in Eq. (6) or (a 4 ) DSMC , increases in the range of 0 ≤ α ≤ 0.5, as α decreases.
which is obtained using (a 4 ) DSMC , is more similar to [ψ 2 (α)] DSMC than ψ 2 (α) in Eq. (44), which is obtained using a 4 in Eq. (6). In the right frame of Fig. 4 , the difference between [ψ 3 (α)] DSMC , which is calculated using the DSMC method, and ψ 3 (α) in Eq. (45), which is obtained using a 4 in Eq. (6) and a 6 in Eq. (7) or (a 4 ) DSMC and (a 6 ) DSMC , increases in the range of 0 ≤ α ≤ 0.5, as α decreases. We, however, find that ψ 3 (α) in Eq. (45), which is obtained using (a 4 ) DSMC and (a 6 ) DSMC , is much more similar to [ψ 3 (α)] DSMC than ψ 3 (α) in Eq. (45), which is obtained using a 4 in Eq. (6) and a 6 in Eq. (7).
In the left frame of Fig. 5 in Eq. (7) or (a 4 ) DSMC and (a 6 ) DSMC , increases in the range of 0 ≤ α ≤ 0.4, as α decreases.
We, however, find that ψ 3 (α) in Eq. (45), which is obtained using (a 4 ) DSMC and (a 6 ) DSMC , is much more similar to [ψ 3 (α)] DSMC than ψ 3 (α) in Eq. (45), which is obtained using a 4 in Eq. (6) and a 6 in Eq. (7).
In the left frame of Fig. 6 45), which is calculated using a 4 in Eq. (6) and a 6 in Eq.
(7), when 0 ≤ α ≤ 0.5, because a 6 in Eq. (7) diverges at α = 0.3666, as shown in the right frame of Fig. 3 .
In summary, the difference between a 4 in Eq. (6) and (a 4 ) DSMC or a 6 in Eq. (7) We investigate φ 2 (ǫ) and φ 3 (ǫ) using the DSMC method and Eqs. x,x [11] for the IHS and IVHS with Ω = 0.6, which are not included in Eq. (29), because nonlinear terms in the collisional moments of
x,x never appear in the right hand side of Eq. (29) for the IMS, as discussed in appendix C.
C. DSMC results of transport coefficients and their comparisons with Eqs. (38)-(40)
Finally, we compare transport coefficients, µ, κ and η in Eqs. (41) In particular, we are interested in
Additionally, we remind that the transport coefficients do not depend on Q , which are calculated using the DSMC method, and those in Eqs. (26) and (27) do not contribute to any differences between transport coefficients, which are calculated using the DSMC method in Eqs. as Ω decreases from unity (IHS) to zero (IMS).
V. CONCLUDING REMARKS
In this paper, we investigated thermal fluctuations of the granular gas driven by Gaussian thermostat on the basis of the two-point kinetic theory. In particular, we considered the inelastic variable hard sphere (IVHS) as the component of the granular gas. Green-Kubo expression for the transport coefficients, which was proposed in this paper, approximates to that for the elastic gas by Zwanzig under the elastic limit. Therefore, Green-Kubo expression for the transport coefficients, which was proposed in this paper, is different from Green-Kubo expression for the transport coefficients by Dufty and Brey. Spherically symmetric moment a 4 , which is calculated using the DSMC method, is more similar to a 4 , which is analytically obtained by neglecting a 6 in the collisional term of a 4 , than a 4 , which is analytically obtained by including a 6 in the collisional term of a 4 in cases of the IHS and IVHS with Ω = 0.6. a 6 , which is calculated using the DSMC method, is similar to a 6 , which is analytically obtained, (44) and (45) improved similarities between ψ 2 (α), which is calculated using the DSMC method, and ψ 2 (α) in Eq. (44) with a 4 in Eq. (6) or ψ 3 (α), which is calculated using the DSMC method, and ψ 3 (α) in Eq. (45) with a 4 and a 6 in Eqs. (6) and (7). Time correlations of thermal fluctuations of the pressure deviator and two times of the heat flux were evaluated using two parameters, namely, φ 2 (ǫ) and φ 3 (ǫ). φ 2 (ǫ), which is calculated using the DSMC method, is similar to φ 2 (ǫ) in Eq. (46) in cases of the IHS, IVHS with Ω = 0.6 and IMS.
φ 3 (ǫ), which is calculated using the DSMC method, is slightly smaller than φ 3 (ǫ) in Eq. Appendix A: Definitions of symbols in Eqs. (5)- (7) A i and B i (i=0,1,2) in Eq. (5) are calculated as
, (A4)
β ′ i in Eq. (7) are calculated as
γ ′ i in Eq. (7) are calculated as
Appendix B: Two-point kinetic theory for granular gas under HCS
In this paper, we discussed the extension of the two-point kinetic theory by Tsuge-Sagara to the granular gas driven by Gaussian thermostat. In the two-point kinetic theory by Tsuge-Sagara, the form of the correlation function, namely, g α;β , is expanded using
Hermite polynomials, as shown in Eq. (21) . The validity of the application of the two-point kinetic theory to thermal fluctuations of the granular gas under the HCS requires further considerations. For convenience, we expand g α;β using modified momentsQ
From Eq. (B1), we readily obtaiñ
From Eqs. (B1), (B2) and (23), we obtain following relations using similar procedures to obtain Eqs. (24)-(27).
In Eq. (B2),Q (J,K) ij...,lm... depends on the only density. As a result, Eqs. (B3)-(B6) hold true for the granular gas under the HCS. On the other hand, the calculation of Q (J,K) ij...,... ǫ=0 under the HCS is difficult, owing to the emergence of the long wave instability via the inelastic clustering. Therefore, the choice of the time interval to sample Q (J,K) ij...,.... ǫ=0 is significant.
Finally, we must investigate whether the extension of Green-Kubo expression for the transport coefficients in Eqs. (41)- (43) can be possible for the granular gas under the HCS. According to the two-point kinetic theory in Sec. III, time evolutions ofQ (2, 2) ij,lm (ǫ) andQ (3, 3) i,j (ǫ) are calculated as
The cooling rate ζ never emerges in Eqs. (B7) and (B8) unlike Eqs. (28) and (29), whereas ν π and ν q are function of time, because the temperature depends on ǫ.
Solutions of Eqs. (B7) and (B8) are obtained as
where s ∈ t.
From Eqs. (B9) and (B10), we obtain
The transport coefficients of the IVHS, which are calculated by Chapman-Enskog method, are written as [11] 
µ (α, Ω), κ (α, Ω) and η (α, Ω) at t cannot be expressed with
i,j (ǫ)dǫ and Q (3, 3) i,j ǫ=0
, explicitly, because we cannot express ν π with t 0Q (2,2) ij,lm (ǫ)dǫ and Q (2,2) ij,lm ǫ=0 in Eq. (B11) and ν q with [24] . On the other hand, we can obtain initial values of ν π and ν q by setting t = ∞ such as i,j (ǫ) dǫ by setting t = 0. Another approach to calculate transport coefficients for the granular gas under the HCS, we consider the map:
, in which quantities with subscript ∞ correspond to representative values, in accordance with the map by Dufty and Brey [2] .
This map nondimensionalizes dissipation rates ν π and ν q , which depend on time, in time independent forms. Applying this map to Eqs. (B7) and (B8), we obtain
whereν π = ǫ ′ ν π andν q = ǫ ′ ν q . As mentioned above,ν π andν q are time independent. Substitutingν π andν q in Eqs. (B17) and (B18) into Eqs. (B13)-(B15), we obtain another form of the modified Green-Kubo expression for the transport coefficients. In the DSMC calculation, we use the time interval dǫ ′ to integrateQ (2, 2) ij,lm (ǫ ′ ) andQ (3, 3) i,j (ǫ ′ ) in Eqs. (B17) and (B18), which are calculated using the temperature by each time step. The relation between the modified Green-Kubo expression for the transport coefficients, which was introduced on the basis of the two-point kinetic theory, and Green-Kubo expression by Dufty and Brey [3] must be addressed in our future work.
Appendix C: Comments on other possibilities for kinetic calculation of transport coefficients
The differences between κ and η, which were obtained on the basis of Green-Kubo expression by Dufty and Brey [2] , and those obtained using the first order of approximation in Chapman-Enskog method, were numerically confirmed using the DSMC method by Brey et al [3] . Then, Garzo, Santos and Montanero [5] proposed the modified Chapman-Enskog method to calculate the transport coefficients, µ, κ and η together with the self-diffusion coefficient. In particular, κ and η, which were calculated using the modified ChapmanEnskog method [5] in a similar way to the method by Lutsko [25] , are much more similar to κ and η [3] , which were calculated on the basis of Green-Kubo expression by Dufty and Brey using the DSMC method, than κ and η, which were calculated using the first order are determined by the definition of moments,
i f dc. Such modified Hermite polynomials were also applied to the quantum gas by the author [26] . We, however, remind that such modified Sonine or Hermite polynomials do not always satisfy the completeness of the expansion of f (c) in a mathematical sense. For instance, f (c) is expanded around
(2) using modified Hermite polynomials, namely,Ĥ
where ς
From Eq. (C1), we can calculate µ (α, Ω), κ (α, Ω) and η (α, Ω) for the IVHS, whereas such calculations of the transport coefficients will be described elsewhere.
As one possibility for the improvement of differences between κ (α, Ω) and η (α, Ω), which are calculated by Eqs. (38)-(40), and κ (α, Ω) and η (α, Ω), which are calculated by Eqs.
(41)-(43) using the DSMC method, nonequilibrium moments are considered in the definition of the cooling rate. In this paper, we used the cooling rate ζ in Eq. (4), which never depends on nonequilibrium moments. Provided that f (c) = f (0) (c) in Eq. (2), the cooling rate is obtained by neglecting all the nonlinear terms as
where ζ ′ (α, 1) for the IHS is same as the cooling rate for the IHS, which was calculated by Brilliantov and Pöschel [15] .
Here, we must confirmζ neq ≪ 1 to validate ζ in Eq. (4), which was used for the IHS, IVHS
with Ω = 0.6 and IMS in our analytical results. Figure 11 showsζ neq versus α in cases of the IHS, IVHS with Ω = 0.6 and IMS, when a 4 and a 6 in Eq. (C1) are calculated by Eqs.
(6) and (7). As shown in Fig. 11 ,ζ neq ≪ 1 is surely obtained in cases of the IHS, IVHS
with Ω = 0.6 and IMS. In particular, ζ does not depend on nonequilibrium moments in the case of the IMS. Therefore, the modification of ζ in Eq. (4) 
and C i C 2 /2 by both sides of Eq. (1) and integrate over V 3 , as [11] ∂p ij ∂t
where A ij is the traceless tensor and s := ρ(RT ) 2 a 4 .
Effects of nonlinear collisional moments are markedly small owing to |β p | ≪ 1 and |β q | ≪ 1 in Eqs. (C3) and (C4), as described in the author's previous study [11] . In particular, 
